There is a distinct possibility that current and future cosmological data can be used to constrain Einstein's theory of gravity on the very largest scales. To be able to do this in a model-independent way, it makes sense to work with a general parameterization of modified gravity. Such an approach would be analogous to the Parameterized Post-Newtonian (PPN) approach which is used on the scale of the Solar System. A few such parameterizations have been proposed and preliminary constraints have been obtained. We show that the majority of such parameterizations are only exactly applicable in the quasistatic regime. On larger scales they fail to encapsulate the full behaviour of typical models currently under consideration. We suggest that it may be possible to capture the additions to the 'Parameterized Post-Friedmann' (PPF) formalism by treating them akin to fluid perturbations.
I. INTRODUCTION
It is possible that we live in a Universe in which more than 96% of the energy and matter density is in the form of an exotic dark substance. The conventional view is that roughly a quarter of this obscure substance is in the form of dark matter and the remainder is in the form of dark energy. Theories abound that propose explanations for dark matter and dark energy and there is an active programme of research attempting to understand and measure them.
It may also be possible that our understanding of gravity is lacking, and that Einstein's theory of General Relativity (and more specifically, the Einstein field equations) are not entirely applicable on cosmological scales. The past decade has seen unprecedented growth, from a handful to a veritable menagerie of possible modifications to gravity that may be perceived as a fictitious dark sector [1] .
The proliferation of theories of modified gravity couldn't have come at a better time. Observational cosmology has entered what some have called an era of 'precision cosmology'. Hubristic as such a point of view might be, it is certainly true that cosmology is being inundated by data, from measurements of the Cosmic Microwave Background (CMB) [2, 3] , galaxy surveys [4] , weak lensing surveys [5] and measurements of distance and luminosity at high redshift with supernovae Ia [6] . With such data in hand it is possible to test cosmological models and constrain their parameters with some precision. With the forthcoming experiments currently on the drawing board [7] [8] [9] , great things are expected. In particular, there is a hope that it may be possible to distinguish between the two paradigms: the dark sector versus modified gravity.
The situation in cosmology is reminiscent of that in General Relativity in the late 1960's and early 1970's. Then, Einstein's theory was undergoing a golden age with discoveries in radio and X-ray astronomy, as well as precision measurements in the Solar System and beyond, making it increasingly relevant. As a result, a plethora of alternative theories of gravity were proposed which could all in principle be tested (and ruled out) by observations [10] [11] [12] . Out of this situation a phenomenological model of modified gravity emerged, the Parameterized Post-Newtonian (PPN) approximation [13] [14] [15] [16] , which could be used as a bridge between theory and observations. In other words, from observations it is possible to find the constraints on the parameters in the PPN approximation. The constraints are model-independent. From any given theory it is then possible to calculate the corresponding PPN parameters and find if they conform to observations. The PPN approximation is sufficiently general that it can encompass almost all modified theories of gravity that were then proposed.
Clearly something like the PPN approach is desirable in cosmology. Given the rapid increase in the number of modified theories of gravity, it would make sense to construct a parameterization that could serve as a bridge between theory and observation. Observers could express their constraints in terms of a set of convenient parameters; theorists could then make predictions for these parameters and check if their theories are observationally viable. Instead of performing many constraint analyses on individual theories, one could run just a single constraint analysis on the parameterized framework. With a dictionary of translations between theories and the parameterization in hand, these general constraints could be immediately applied to any particular theory.
Another key advantage of a parameterized approach is that it allows one to explore regions of theory space for which the underlying action is not known. For example, in §VI B we will see how the Lagrangian f (R) is related to our framework 'parameters' (which are really functions, not single numbers -see below). Cosmological data will exclude certain regions of parameter space. If a new form of f (R) is proposed in the future, it should be a quick operation to see whether it falls into the excluded region -even though that particular Lagrangian was not known at the time that the constraint analysis was performed.
In this paper we will discuss the requirements of how to parametrize modifications to gravity on cosmological scales. It develops the principles first put forward in [17] and explores how they may be applied more generally. The layout of this paper is as follows. In §II we discuss the idea behind the PPN approach and show that it can't be imported wholesale into cosmology. We then briefly look at attempts at parametrizing gravity and point out their limitations. In §III we discuss a possible formalism in detail -we co-opt the name Parameterized PostFriedmann approach from [18] -and argue that it may be sufficiently general to encompass a broad class of theories. In §IV we construct the hierarchy of equations that should be satisfied in the case in which there are no extra fields contributing to the modifications to gravity. In §V we discuss the more general case with extra fields and how this affects the relations between the different coefficients. In §VI we focus on four modified theories of gravity and analyse how they fit into the formalism that we are proposing. Finally, in §VII we summarize the state of play of the parameterization we are proposing.
II. THE CONVENTIONAL APPROACH
The plan is to construct a parameterization that might mimic the PPN approach on cosmological scales. It is therefore useful to look very briefly at the PPN approach, which proceeds as a perturbative expansion in v/c (though we set c=1 in what follows). Consider the modified, linearized Schwarzschild solution:
where G 0 is Newton's constant, M is the central mass, Ω is the two-dimensional volume element of a sphere, (Ψ, Φ) are gravitational potentials and γ PPN is a PPN parameter, equivalent to one of the older Eddington-RobertsonSchiff parameters.
There are a few properties which are of note in this expression. First of all, the parameterization is constructed around a solution of the Einstein field equations, the Schwarzschild solution (with γ PPN = 1) -the field equations do not come into play. Second (and this isn't obvious from the expressions above), the parameter γ PPN only depends on parameters in the theory and not on integration constants or 'environmental' parameters such as the central mass. This means that, given a theory, it is possible to predict γ PPN solely in terms of fundamental parameters of the theory (i.e. the parameters in the action). Finally, we see that the mismatch between the gravitational potentials can be expressed as [14] Φ − Ψ = ζ PPN Φ (2) with ζ PPN = (γ PPN − 1)/γ PPN often called the gravitational slip. General Relativity is recovered when ζ PPN = 0. The idea of applying an equation of the form of eqn.(2) to cosmology emerged from the work of Bertschinger in [19] . Bertschinger showed that on large scales it was possible to calculate the evolution of Ψ and Φ using only information about the background evolution and assuming a closure relationship between the two potentials. The simplest assumption is a closure relation of the form of eqn. (2) , but in no way was it implied that this would be a realistic relationship that would be valid in the general space of theories of modified gravity.
Nevertheless, over the last few years the simplified equation for gravitational slip has been adopted as a general parameterization which should be valid in cosmology [20] [21] [22] . It has been shown to be valid in a few cases, in the quasistatic regime (i.e. on small scales), and explicit expressions have been found for ζ in terms of fundamental parameters of those theories (some examples are collected in [1] ). Such a parameterization has been extended to include another parameter, a modified Newton's constant G eff , which may differ from G 0 . The method is then to use eqn. (2) and a modified Poisson equation,
(where ρ i is the energy density of fluid i and ∆ i is the comoving energy density) to modify the evolution equations for cosmological perturbations. A modified EinsteinBoltzman solver is then used to calculate cosmological observables. The two parameters (G eff , ζ) have been adopted more generally and have been used to find preliminary constraints on modified gravity theories by a number of groups [21] [22] [23] [24] .
Clearly such an approach to parametrizing modified gravity has some significant differences with the PPN approach. For a start, modifications are applied to the field equations and not to specific solutions of Einstein's field equations. This is understandable -the solutions of interest in cosmology are not only inhomogeneous but time-varying, unlike the incredible simplicity of the Schwarzschild solution that arises due to Birkhoff's theorem. Also, unlike in PPN, the parameters at play -ζ and G eff -will not only depend on fundamental parameters of the theory but also on the time evolution of the cosmological background.
Ideally, any time-dependence in the parameterization will be simply related to background cosmological quantities (like the scale factor, energy densities or any auxiliary fields that are part of the modifications) and not dependent upon the time evolution of Φ, Ψ or any other perturbation variables. For such a requirement to be possible it is essential that any parameterization is sufficiently general to encompass a broad range of theories. As we will show in this paper, parameterizations using eqns. (2) and (3) are simply not general enough to capture the full range of behaviour of modified theories of gravity. It has been argued that such a parameterization can be used as a diagnostic; that is, for example, a non-zero measurement of ζ might indicate modifications of gravity [25] . This may be true, but such a measurement cannot then be used to go further and constrain specific theories. It would be more useful to build a fully consistent parameterization which can be used as a diagnostic and can be linked to theoretical proposals. The purpose of this paper is to take the first steps towards such a parameterization.
III. THE FORMALISM
When considering modified gravity theories it can be helpful to cleanly separate the non-standard parts from the familiar terms that arise in General Relativity (henceforth GR). We can always write the modifications as a an additional tensor appearing in the Einstein field equations, i.e.
The diagonal components of the tensor U µν are equivalent to an effective dark fluid with energy density X and isotropic pressure Y (where the constants have been absorbed). The zeroth-order Einstein equations are then:
where H = H/a is the conformal Hubble parameter and K is the curvature. We will use E F and E R as defined above throughout this paper. For future use we define E = E F + E R . The summations in the above expressions are taken over all conventional fluids and dark matter, and dots denote derivatives with respect to conformal time. In this paper we will largely adhere to the definitions and conventions used in [17] . We also note that the Bianchi identity ∇ µ G µ ν = 0 implies the relation:
Assuming that the conservation law ∇ µ T µ ν = 0 holds separately for ordinary matter and the effective dark fluid, X and Y must be related by the equationẊ +3H(X +Y ) = 0.
Continuing in this vein, our goal is to write the linearly perturbed Einstein equations as:
In general the tensor δU µν will contain both metric perturbations and extra degrees of freedom (hereafter d.o.f) introduced by a theory of modified gravity. We can separate δU µν into three parts: i) a part containing only metric perturbations, ii) a part containing perturbations to the extra d.o.f., iii) a part mixing the extra d.o.f. and perturbations to the ordinary matter components:
The argument variables in this expression will be introduced shortly. We have written the Einstein field equations such that T µ ν contains only standard, uncoupled matter terms and hence obeys the usual (perturbed) conservation equations, δ(∇ µ T µ ν ) = 0. As a result U µ ν must obey its own independent conservation equations, so that at linear order we have δ(∇ µ U µ ν ) = 0. We will use the following notation to denote components of δU µ ν from here onwards:
where D ij = ∇ i ∇ j − 1/3q ij ∇ 2 projects out the longitudinal, traceless part of δU µ ν and q ij is a maximally symmetric metric of constant curvature K. The definition of U Σ . In the case of unmodified background equations perturbed conservation equation for U µ ν gives us the following two constraint equations at the linearized level [17] :
where the metric fluctuations β, ǫ and Ξ are defined in eqn. (13) . In this paper we will initially present general forms for the construction of metric-only δU µν that satisfy equations (11) and (12) , then impose the restriction that the field equations can contain at most second-order derivatives. Gravitational theories containing derivatives greater than second-order are generally disfavoured as they typically result in instabilities or the presence of ghost solutions [1, 26, 27] . However, we note that some special cases of higher-order theories are acceptable e.g. f (R) theories [28] (see §VI B). Hence we start with the general case in order to indicate how our results may be extended to higher-derivative theories [29] .
The requirement of second-order field equations means that U ∆ and U Θ can only contain first-order derivatives with respect to conformal time, as can be seen from eqns. (11) and (12) . The specific implications this has depends on which of the tensors in eqn. (9) are present. In §IV we will explore the structure of theories with only metric perturbations, whilst theories with extra degrees of freedom will be presented in §V. In Appendix B we display formulae for generating constraint equations in an arbitrary-order theory of gravity with no additional degrees of freedom.
We write the perturbed line element (for scalar perturbations only) as:
It will prove useful to define the gauge-variant combination:
We also define the gauge-invariant potentials:
Φ andΨ are equivalent to the Bardeen potentials −Ψ H and Φ A respectively. Note thatΨ contains a secondorder time-derivative. In the first four sections of this paper we will frequently use a linear combination of these variables that remains first-order in time derivatives of perturbations, due to a cancellation between theV terms:
From §V onwards we specialise to the conformal Newtonian gauge, and hence revert to the familiar potentials Φ and Ψ. We introduce a shorthand notation for the components of δG µν in exact analogy to that introduced for δU µν , i.e. E ∆ = −a 2 δG 0 0 etc. Hereafter the left-hand sides of the perturbed Einstein equations will be denoted by:
In terms of these variables the perturbed Einstein equations are [17] :
For simplicity we will hereafter consider only the case of a universe with zero spatial curvature, K = 0.
IV. THE GENERAL PARAMETERIZATION -NO EXTRA FIELDS
A. General case -unmodified background
Let us begin with the simplest case by applying two restrictions: i) We consider the case of modifications to gravity that appear only at the perturbative level, that is, they maintain the background equations of GR for a Friedmann-Robertson-Walker metric; ii) there are no new d.o.f. present in the theory, so δU µν contains only metric perturbations. We will relax restriction i) in §IV D and restriction ii) in §V. We will see shortly that the treatment presented in this subsection is also applicable to ΛCDM, because the X + Y terms in eqns. (11) and (12) vanish for a cosmological constant. The agreement between an exact ΛCDM background and current data means that theories obeying restrictions i) and ii) are of particular interest, even though they correspond to a limited region of theory space.
The requirement of gauge form-invariance places strong restrictions on the forms that δU µν can take [17] . We will postpone a detailed discussion of these restrictions until §IV D, where they will be a useful tool in guiding us to allowed combinations of metric perturbations. In this subsection it suffices to point out that the standard Einstein field equations of GR are of course already gauge form-invariant; so any additive modification like δU µν must be independently gauge form-invariant in order to preserve the invariance of the whole expression. This property is a direct consequence of the fact that we have not yet modified the background equations. In this case the only objects that can be present in the tensor δU µν are the gauge-invariant metric potentialsΦ andΓ.
So, we can construct the tensor δU µν from series of all the possible derivatives ofΦ andΓ. This structure should be general enough to encompass any metric theories, where the action is constructed purely from curvature invariants, e.g. f (R) gravity, Gauss-Bonnet gravity [30] and Lovelock gravity [31] . If we wish to parameterize only second-order theories then we will need to truncate these series at N = 2, as discussed in section III. The components of U µν are given by:
The coefficients A n -K n are functions of the scale factor a, wavenumber k and background quantities such asρ ifor the sake of clarity we will suppress these dependencies throughout. The factors of k ensure that the coefficient functions are dimensionless. Let us take a moment to explain the upper limits on the summations in eqns. (23)- (26) .Φ andΓ are first-order in time derivatives (see eqns. (15) and (17)). U ∆ is differentiated in eqn. (11), so truncating the series in eqn. (23) 
gives field equations containing time derivatives of order N. U Θ is treated analogously to U ∆ . As U P and U Σ are not differentiated in the components of the Bianchi identity, the series in eqns. (25) and (26) are allowed to extend one order higher than those in eqns. (23) and (24) .
We substitute our forms for U ∆ , U Θ , U P and U Σ into the components of the Bianchi identity (11) and (12) .Φ andΓ are non-dynamical fields and so will not evolve in the absence of source terms. Yet when we perform the substitution, the Bianchi identity appears to give us two evolution equations forΦ andΓ. The only way this can be avoided is if the coefficients of each termΦ (n) andΓ (n) vanish individually, which provides us with constraint equations on the functions A n -K n (this procedure will be clarified with an example shortly). Each component of the Bianchi identity results in N constraint equations from each of theΦ (n) terms andΓ (n) terms, and eqns. (23)- (26) contain 8N-4 coefficient functions in total. Hence we have 4N − 4 free functions with which to describe the theory.
B. Second-order case -unmodified background
In Appendix B we give formulae for generating the constraint equations of an arbitrary-order theory with unmodified background equations. We will now explicitly present the second-order case, which corresponds to setting N=2 in eqns. (23)- (26) . In a general case this will give us four free functions. However, if the background equations are unaltered then we must set F 0 = I 0 = 0 becauseΓ contains a second-order conformal time derivative of the scale factor. One might consider cancelling thisä term by adding a term proportional to EV , but this would break the gauge-invariance of the perturbed Einstein equations. We will see later that modification of the background equations allows us to add an EV term without violating gauge-invariance, which in turns means thatΓ can be present in U ∆ and U Θ .
Using eqns. (11) and (12) we find that setting F 0 = I 0 = 0 forces J 1 = K 1 = 0 also. Then, for the second-order case, the remaining terms in δU µν are:
The constraint equations are given in Table I , indicating the terms and Bianchi identity from which they arise (B1 ⇒ eqn. (11), B2 ⇒ eqn. (12)). These expressions can be generated using the formulae in Appendix B. We can see immediately that theΓ terms in U P and U Σ vanish, leaving δU µν expressed entirely in terms ofΦ andΦ. We have two free functions remaining, which we will choose to be D 0 and D 1 . Eliminating C 1 from the twoΦ constraints gives (where
The combination on the right-hand side appears when we form the (Fourier-space) Poisson equation from eqns. (19) and (20) , where it acts to modify the value of Newton's gravitational constant:
where ∆ i = δ i + 3H(1 + w i )θ i is a gauge-invariant matter perturbation and
The sum in eqn. (29) is over all known fluids and dark matter, and G 0 denotes the canonical value of Newton's constant. From here on we will replace D 1 /k in eqn. (27) byg/H to remind us of the connection between the modifications to the slip relation and the Poisson equation. We will also replace D 0 by ζ to distinguish it from the other coefficient functions, which can all be expressed in terms ofg and ζ using the constraint equations. We continue to suppress the arguments ofg and ζ.
The effective gravitational constant appearing in the Poisson equation is G eff = G 0 /(1 −g). The traceless space-space component of the Einstein equations becomes: Table of the constraint equations for the secondorder metric theory specified in §IV B. These can be generated using the formulae in Appendix B.
The anisotropic stress perturbation Σ i is automatically gauge-invariant, but negligible for standard fluids at late times. The above expression echoes its PPN equivalent, eqn. (2); but note that, as discussed in §II, ζ is a function of background quantities (which potentially introduce time-and scale-dependence), whereas ζ PPN depended only upon fundamental parameters of a gravitational theory. Other authors have made numerous different choices for the two free functions of a second-order theory; a useful summary of some of these is provided by [22] . A common choice is to introduce a function Q = G eff /G 0 , related to ourg by Q = (1 −g) −1 [21] (though different notation is in no short supply) . The relationship between the two potentials is often parameterized asΦ = η slip (a, k)Ψ in the spirit of the PPN parameter γ P P N [13] . It might be felt that by introducing yet another parameterization of PPF we are adding to this disarray. However, in the next subsection we will argue that a two-function slip relation such as eqn. (31) is needed to avoid implicitly introducing higher-order derivatives into a purely metric theory.
Writing the relationship between the two gaugeinvariant potentials asΦ = η slip (a, k)Ψ implies that the spatial off-diagonal component of the Einstein field equations is:
Comparing the above equation with eqn.(31) implies:
Now η slip has an environmental dependence, which is problematic. We would require detailed knowledge of the environment in which we wish to test a theory a priori, and the PPF functions would need to be recalculated for numerous different situations. UnlessΦ = 0, the parameterizations in eqns. (31) and (32) do not have a simple equivalence.
A degeneracy arises betweeng and ζ when comparing to data from weak gravitational lensing, which probes the combination Φ + Ψ in the conformal Newtonian gauge.
In parameterizations equivalent to (Q, η slip ) the degeneracy is Q(1 + 1/η slip ), so for lensing applications it makes sense to define new parameters along and perpendicular to the degeneracy direction [32] [33] [34] . In the (g, ζ) parameterization a degeneracy remains. The dominant contributions to lensing signals come from quasistatic scales, on which time derivatives of perturbations can be neglected (see later for a fuller discussion). The degeneracy is then:
It seems that neither of the two parameterizations presented so far are optimal for weak lensing constraints.
C. Why neglectingg in the slip relation implies a higher-derivative theory
We have seen in the previous section that in a metricbased second-order theory of modified gravity the most general form of the gravitational slip should be expressed in terms of the gauge-invariant potentialΦ and its first derivative with respect to conformal time. Two free functions ζ andg were used as the coefficients of these terms respectively, whereg resulted in a modification to Newton's gravitational constant in the Poisson equation. Using a single function to relateΦ andΨ is equivalent to settingg = 0 (see eqn. (31)), which is inconsistent with with allowing a second free function to modify Newton's constant. Making the choiceg = 0 uses up one degree of freedom, leaving us only a single free function with which to describe the system. The above reasoning is set within the confines of a second-order theory. We will now show that using a single function to relateΦ andΨ whilst maintaining G eff = G 0 is equivalent to invoking a higher-derivative theory of gravity. To do this, let us consider the form that the tensor δU µν would take in a third-order theory. Its components would be:
The constraint equations for this system are given in Table II . We will continue to define the combination that modifies G 0 asg = −0.5(A 0 +3H k B 0 ), but note that this is no longer equal to H k D 1 as it was in the second-order case. Consider the case where we set Table of the constraint equations for the thirdorder metric theory specified in §IV C. These can be generated using the formulae in Appendix B.
in Table II we derive the expressions:
The first two of these expressions are the combinations that appear when we form the Poisson equation. They indicate that the potential additive modifications proportional toΦ andΓ disappear; the format of eqn. (29) is retained. Eqn. (38) shows that we can only have a modification to the effective gravitational constant if B 1 = 0, and so from eqn.(36) A 1 = 0 also. Using the third equation in Table II , C 2 = 0 in this case. Hence we are forced to includeΦ terms in U ∆ and U Θ , and aΦ term in U P . SinceΦ contains a first-order time derivative already (see eqn. (15), theU ∆ in eqn. (11) will result in field equations containing third-order time derivatives -a higher-order gravitational theory. This result is a direct consequence of choosing D 1 = 0 in U Σ . Removing this constraint changes eqn. (38) to:
which permits B 1 = 0,g = 0, as we had in §IV B.
The above findings make sense within the context of the Lovelock-Grigore theorem [35, 36] , which states that under the assumptions of four-dimensional Riemannian geometry and no additional fields, the Einstein-Hilbert action (plus a cosmological constant) is the only possible action that leads to local second-order field equations. In eqn. (27) the presence of D 1 /k in U Σ means that this parameterization implies a non-local theory. This is not in itself problematic -nonlocal theories can arise when a degree of freedom has been integrated out, or eliminated from the action using an integral solution of the corresponding equation of motion. If
in eqns. (35) there are no nonlocal terms present in the gravitational field equations, so we should not be surprised that the Lovelock-Grigore theorem prevents us from obtaining a second-order theory. In §VI we will meet theories which evade the Lovelock-Grigore theorem in a number of different ways: by introducing new d.o.f. (e.g. scalar-tensor theory), higher-order field equations f (R) gravity , or through nonlocality and extra dimensions (DGP).
D. Cases with 'XY' backgrounds
The previous examples have all assumed that the background field equations are those of a FriedmannRobertson-Walker metric plus standard cosmological fluids. We now relax this assumption and consider theories which modify the Einstein field equations at both the background and perturbative levels. It is well-known that any modification to background-level field equations is indistinguishable from the effects of a dark fluid [37] ; hence we can write any background equations as the standard FRW ones with an additional energy density and pressure, see eqns. (5) and (6) . We will refer to such theories as having 'XY backgrounds'.
Any extension to GR must preserve the property of diffeomorphism invariance. Invariance under passive diffeomorphisms corresponds to the familiar principle of general covariance. Applying a passive diffeomorphism will generally result in field equations which look different to those in the old co-ordinate system. In contrast, invariance under active diffeomorphisms requires that the actual form of field equations remains unchanged by a gauge transformation. In Table III we list the gauge transformations for relevant variables. In practical terms, gauge form-invariance means that the extra terms that appear under a gauge transformation must cancel each other (using identities from the zero-order field equations if need be). This places tight restrictions on our form for δU µν .
To see how this happens in ordinary GR, consider the linearly perturbed '00' component of the Einstein equations (that is, eqn. (19) with U ∆ set to zero). When we apply a gauge transformation the left-hand side acquires a term −3HEξ/a. This is cancelled by the transformation of δ on the right-hand side, provided that
provided that the zeroth-order equations are satisfied. This is why we were only able to use gauge-invariant potentials in δU µν in §IV A and §IV B: if we don't alter the zerothorder equations, adding anything else breaks gauge forminvariance.
Now that we wish to consider XY backgrounds this procedure no longer works, because E = 8πG 0 a 2 i ρ i (1 + w i ). We must add a new term to U ∆ that will produce a part like 
Metric variables
Fluid variables As a toy example, consider a simple theory which modifies the zeroth-order equations solely by introducing time-dependence to Newton's gravitational constant. Following the notation of previous sections, we can write the sum of the modified Friedmann and Raychaudhuri equations as:
Rewriting this in the form of ordinary GR (and hereafter suppressing the argument ofg b ):
from which we can identify a 2 (X +Y ) =g b E (see eqns.(5) and (6)). A possible form for U ∆ is then:
Unlike the second-order example of §IV B, U ∆ now contains aΓ term. The offending second-order derivative of the scale factor present inΓ is cancelled by the term proportional to EV . We did not have the freedom to add such a term in the case of unmodified background equations, because V is gauge-variant. Using eqn. (42) in eqn. (19) and the transformations given in Table III , it can be verified that the gaugevariant parts cancel by satisfying eqn. (40) . Note that the need to have gauge-invariant second-order equations has totally fixed the first term in eqn. (42); all freedom resides in the gauge-invariant part of U ∆ via the function A 0 .
As a quick sanity check, one can verify that the field equations remain second order in the conformal Newtonian gauge. In this gauge V =V = 0, Ξ = −Ψ and β = −6Φ, soΦ andΨ reduce to their familiar counterparts Φ and Ψ that appear in the linearly perturbed FRW metric (recall thatΓ = 1/k(Φ + HΨ)). U ∆ is then explicitly first-order in derivatives, resulting in secondorder equations.
U Θ is treated analogously to U ∆ , and has the form:
Combining eqns. (42) and (43), we find that the Poisson equation has the same form as it did in the case with unmodified background equations, eqn. (29) . We define the combinationg = −1/2 (A 0 + 3H k B 0 ) as we did in §IV B.
We will assume that the modifications to Newton's gravitational constant appearing in the zeroth-order and perturbed equations are the same, i.e.g b =g, noting that we have not formally proved this to be the case.
Once we have deduced the form of U ∆ and U Θ , U P and U Σ can be found using the Bianchi identities eqns. (11) and (12) . Eliminating the free function A 0 in favour of g and B 0 , these are:
As expected, we find that U Σ contains only gaugeinvariant perturbation variables. This must be the case since all other terms in eqn. (22) are gauge-invariant, so there is nothing to cancel against. If we express the last term in U Σ in terms ofΨ we find that we can write the relationship between the two potentials asΦ = η slip (a, k)Ψ for this toy example. We have already chosen our two PPF functions to beg and B 0 , so η slip is simply a particular combination of these:
The key result of this toy example is that (for purely metric theories) δU µν can have a more complex form when the background equations are not standard FRW plus standard cosmological components (baryons, CDM, etc.) The hierarchy of constraint equations becomes more complex due to the non-zero X and Y terms in eqns. (11) and (12) . We can use the principles of energy conservation, gauge-invariance and second-order field equations as a shortcut to the correct forms; the same results would be obtained by solving the hierarchy of constraint equations directly.
V. THE GENERAL PARAMETERIZATION-EXTRA FIELDS
The formalism we have developed so far is only applicable to purely metric theories. Yet, as discussed in §II, the majority of modified gravity theories introduce new degrees of freedom, often as additional scalar, vector or tensor fields. It is not immediately obvious that the behaviour of these theories can be be encapsulated by a either a (Q, η slip ) or (g, ζ) parameterization. There is a risk that we might develop a model-independent formalism that does not map onto most of our well-studied theories.
In §VI we will study several example cases, chosen to be representative of common classes of modified gravity models, and ask whether they can be expressed in the two-function format of quasistatic PPF. Attempting to map disparate theories onto a single framework is only plausible if those theories share some common features. Hence, before turning to specific examples, we wish to consider what general statements can be made about the structure of the the field equations in theories with extra degrees of freedom.
Let the scalar perturbations to an extra degree of freedom be denoted by χ, e.g. if the new degree of freedom is a scalar field φ then χ = δφ. (We have succumbed to the common but unwise choice of terminology by referring to 'scalar perturbations', even though the new degree of freedom may itself be a vector or tensor field. 'Spin-0 perturbations' would be a better choice of terminology [38] ). If we are to obtain second-order field equations then we know that U ∆ and U Θ can only contain the perturbations χ andχ.
More generally we can introduce multiple new d.o.f. and denote their scalar perturbations by the vector χ, with components χ (i) . The perturbed field equations in a general gauge are awkward and rarely used; hence we will specialise to the conformal Newtonian gauge for the remainder of this paper. The relevant expressions for scalar-tensor theory ( §VI A) are presented in a general gauge in Appendix A.
In the conformal Newtonian gauge the 00-element of the tensor δU µν can be represented as:
where δρ is the total energy density fluctuation of standard cosmological fluids (similarly for θ, Π and Σ to be used shortly). α 0 and α 1 denote vectors of functions with the same dimensionality as χ. α i , A i , F i and M i are functions of background quantities such as ρ and a; these dependencies have been suppressed for clarity. Note that eqn. (47) has the form indicated schematically in eqn. (9) . The term M 1 δρ represents a modification which depends on the rate of change of the density fluctuations of ordinary matter. Whilst formally this term is permitted to be present in U ∆ , we are unaware of any theory of modified gravity that results in a perturbed 00-equation with a term like this. Theories employing a chameleon mechanism introduce modifications to GR that depend upon the environmental matter density, but not upon its rate of change . We will therefore choose M 1 = 0 in what follows. The δρ term in eqn. (47) can be eliminated using the relation:
E ∆ can be expressed in terms of Φ,Φ and Ψ in the conformal Newtonian gauge, see eqns. (18) . Rearranging and redefining the coefficient functions, we obtain:
This procedure has enabled us to eliminate energy density fluctuations of ordinary matter from U ∆ . If the new d.o.f. are not coupled to ordinary matter then δρ does not appear in U ∆ anyway. It is worth reminding the reader that in this section we are working in the conformal Newtonian gauge, so Φ and Ψ should not be confused with their gauge-invariant counterpartsΦ andΨ, which already contain first-and second-order derivatives respectively. If we were to consider eqn. (49) in a general gauge we would find thatΦ andΨ only appear in the combinationΓ. TheΨ in eqn. We apply a similar treatment to the remaining components of δU µν . Recall that U P and U Σ are permitted to contain second-order terms such asΦ andχ. Terms such asθ,Π,Π,Σ andΣ are discarded to maintain contain consistency with our treatment of U ∆ ; we stress again that this is done only on an intuitive basis. The resulting expressions for δU µν (together with eqn. (49)) are as follows:
where β i , . . . ε i and B i , . . . K i denote functions of background quantities.
The Bianchi identities then give us two constraint equations coupling terms in χ (i) , Φ, Ψ and their derivatives. In contrast to the previous section we can no longer set the coefficients of the each term to zero individually. In the case without extra fields this was possible because all our variables were non-dynamical, so obtaining evolution equations for them would be unphysical. But now that extra fields appear in δU µν , the Bianchi identities yield equations describing how the metric variables respond to the set of perturbations χ. Therefore we no longer have a hierarchy of constraint equations for the coeffcients α 0 , . . . K 2 that allow us to reduce them down to two functions. This is not problematic in itself. To map a specific theory onto the parameterization we can simply pull the necessary coefficients out of the perturbed field equations. We will see shortly ( §VI) that in many cases that these are relatively simple functions.
To constrain a general parameterized theory using Markov Chain Monte Carlo (MCMC) analysis we instead choose some sensible ansatz for the functions α 0 , . . . K 2 . For example, a Taylor series up to cubic order in Ω Λ was used in [39, 40] ; the MCMC then constrains the coefficients of the terms in the Taylor series. Rigidly fixing the format of the parameterization in this way means that we simply have to constrain real numbers. This simplicity is a key advantage of explicitly parameterizing for the new fields as in eqns. (49) (50) (51) (52) . The alternative approach -absorbing the new fields into an evolving G eff and slip parameter where possible -will give G eff and ζ very complicated forms that are difficult to parameterize (for example, see eqns. (76) and (96)). The trade-off is that our method requires considerably more than two coefficient functions. We expect that some of these will be well-constrained by the data, others less so.
In the case of just one or two new d.o.f., the system consisting of the Einstein equations, the two conservation equations for ordinary matter and two Bianchi identities for the U -tensor can be solved. In order to avoid a contradiction, the Bianchi identities for the U -tensor must be equivalent to the equations of motion for the extra degrees of freedom (obtained by varying the action with respect to the extra fields or similar). Futhermore, when only a single d.o.f. is present the solutions of the two components of the Bianchi identity must be consistent with each other.
When more than two new d.o.f. are present the Bianchi identities do not provide sufficient information to solve the system, and we must supply additional relations between the new d.o.f, metric variables and matter variables. With our goal of an abstract, unified framework in mind, we will introduce a general structure to tackle such cases. We make the conjecture that one can use the 'generalized dark matter' (GDM) formalism developed by Hu [41] in order to obtain the necessary closure relations. GDM is a phenomenological model in which specification of three parameters -an equation of state, a rest-frame sound speed and a viscous sound speed -suffice to reconstruct the full perturbed stress-energy tensor of a fluid.
Cold dark matter, radiation, massive neutrinos, WIMPs, scalar fields and a cosmological constant can all be recovered as limiting cases of GDM. In our case the d.o.f. parameterized as GDM may be genuine fluid components (e.g. scalar or vector fields), or effective fluids (eg. the scalaron of f (R) gravity, the Weyl fluid of DGP gravity -see §VI). For example, in eqn. (49) we identify the extra d.o.f. with an energy density perturbation:
where the 'hat' symbol indicates that we have folded in the necessary metric perturbations to make gaugeinvariant versions of χ andχ. Similarly we can construct gauge-invariantˆ χ,˙ χ and¨ χ from the terms in eqns. (50)- (52), and identify these with velocity, pressure and anisotropic stress perturbations respectively. A subscript E will be used to indicate these effective perturbations. The GDM formalism then provides a way of reducing these four fluid perturbations to just two, which can then be related to the metric potentials via the perturbed conservation equations. These are [41] :
where the square brackets denote combinations of the functions B i , . . . K i . We should remember that these are really second-order equations, due to the˙ χ in eqn. (53) . In eqn.(55) the pressure perturbation of the effective fluid has been decomposed into an adiabatic and a nonadiabatic part:
We have adopted common notation by using Γ E to represent the dimensionless non-adiabatic pressure perturbation; this should not be confused with our metric potentialΓ. The adiabatic sound speed is fully determined by the equation of state parameter w E :
The non-adiabatic pressure perturbation is specified by introducing a parameter c 2 eff , interpreted as the sound speed of the fluid in its rest frame:
A third and final parameter is needed to relate the anisotropic stress, Σ E , to the velocity perturbations. This is the viscosity parameter c 2 vis :
By combining eqns. (57)- (59) with eqns. (54) and (55) we can obtain two equations relating any two of the fluid perturbations to the two metric potentials (although we note that the presence of theΣ E term in eqn.(59) might make this step non-trivial). These expressions will contain the three GDM parameters {w E , c 2 eff , c 2 vis }. An equivalent three-parameter framework was studied in the context of dark energy in [42] , and constraints from current and future data sets were investigated in [43] .
We have already mentioned the degeneracy bewteen modifications to gravity and fluid components in the zeroth-order field equations [37] . An explicit example of this is presented in [44] for the case of EddingtonBorn-Infeld gravity. We stress that the effective fluids representing the extra d.o.f. at the background and perturbed levels need not have the same properties. Indeed, it is most likely that they will be different. If they are not, we have no way of deciding whether dark energy is really a modification to gravity or a dark fluid, even using observations that reflect the rate of growth of structure [45] .
As described above, for theories with two or less extra d.o.f. the GDM prescription is not strictly needed; the system of equations is already closed. But if we wish to constrain modified gravity in a model-independent way we cannot make assumptions about the number of new d.o.f. introduced. The GDM approach allows us to obtain model-independent closure relations at the expense of introducing three new parameters, which would need to be constrained in a MCMC analysis.
VI. EXAMPLES
Thus far our discussion of the PPF parameterization has been purely formal. Studying some specific cases of gravitational theories should help to consolidate the ideas outlined in this paper. The four examples presented here are chosen to represent some common classes of theories of modified gravity; a comprehensive review of many other theories is presented in [1] . A simple scalartensor theory and Einstein-Aether theory represent theories that introduce additional fields to GR (scalar and vector fields respectively). Theories with additional tensor fields such as Eddington-Born-Infeld gravity [44, 46] and bimetric theories [47] also belong to this broad category. f (R) gravity is studied as an example of a higherderivative theory; Hořava-Liftschitz gravity [48] [49] [50] and Galileon theories [51, 52] also fall into this class. Our final example is Dvali-Gabadazze-Porrati gravity (DGP) [53, 54] , which we study as a representative higherdimensional theory. Whilst DGP itself is now disfavoured by observations, it incorporates features common to other braneworld theories [55, 56] such as Randall-Sundrum models [57, 58] and cascading gravity [59] .
For each theory we will consider the extent to which the gravitational field equations can be modelled by the PPF parameterization. Is it possible to describe such a rich variety of theories using only two functions? The usual arena for PPF is the quasistatic limit, in which time derivatives of perturbations can be neglected relative to spatial derivatives. This is the dominant regime for measures of the rate of structure growth, such as weak lensing and peculiar velocity surveys. However, we are also interested in using constraints from the Integrated Sachs-Wolfe effect, which requires consideration of scales above the quasistatic regime. There has been much work recently highlighting the importance of a correct relativistic treatment of large scales, for both the theoretical and observed matter power spectrum [60] [61] [62] [63] . We will consider whether the PPF parameterization can be extended to this regime.
A. Scalar-tensor theory Scalar-tensor theories, first considered by Jordan, Brans and Dicke [64] , modifiy GR by introducing a scalar field which couples to the Ricci scalar in the gravitational action. The concept is closely linked to that of quintessence, in which a scalar field is used a dark energy fluid-type component but without the explicit nonminimal coupling to the Ricci scalar. Particle physics is in no short supply of candidate scalar fields, and the reduction of higher-dimensional theories to effective fourdimensional field theories also gives rise to candidate scalars (moduli). However, finding a field with exactly the right properties to account for dark energy has proved difficult. There is an obvious aesthetic appeal in connecting the scalar field with the inflaton; however, they need not a priori be the same field, and introducing such a connection creates further obstacles to constructing viable models.
In general, three functions are required to specify a scalar-tensor theory: the coupling to the Ricci scalar, F (φ), a potential for the scalar field, U (φ), and a function multiplying the kinetic term of the scalar, Z(φ). However, it is possible to reduce F (φ) and Z(φ) to just one function through a field redefinition, resulting in F (φ) = φ and Z(φ) = ω(φ)/φ [65] . The choice ω(φ) = constant is termed a Brans-Dicke theory, which recovers GR plus a cosmological constant in the limit ω → ∞, U (φ) → Λ. Measurements from the Cassini spacecraft constrain ω 40, 000 (2σ limits) in the solar system [66] .
A generic property of scalar-tensor theories is that they result in a time-dependent gravitational 'constant'. This is precisely one of the features of the PPF formalism (throughg in our parameterization), which gives hope that scalar-tensor gravity might be fully accommodated by PPF. For simplicity we will focus on a scalar-tensor theory with variable coupling ω(φ) and no potential, working in the conformal Newtonian gauge. The action in the Jordan frame is:
where S m [ψ (i) , g µν ] is the matter action and ψ (i) the matter fields. Varying this action with respect to the metric yields the gravitational field equations [67] :
where = g µν ∇ µ ∇ ν . G µν is the usual Einstein tensor of GR and the scalar field has been rescaled so that it is dimensionless, φ → φ/G 0 . In a smooth, unperturbed FRW universe this gives us the background equations (c.f. eqns. (5) and (6)):
Variation of the action with respect to φ gives the equation of motion for the scalar field [67] :
Rewriting eqn. (61) in the form of eqn. (4) indicates that the form of U µν must be:
Linearly perturbing this expression (and raising an index) will give us U ∆ , U Θ , U P and U Σ . We obtain:
Specialising to the conformal Newtonian gauge (in which V =0) means that we lose the time derivatives in eqns. (15) and (16) . Hence the appearance of Ψ in U ∆ and U Θ above gives us no cause for concern; the Bianchi identities will remain second-order equations. If we had kept to a general gauge additional terms in V, ǫ and ν would be present in the above expressions, ensuring thatΨ only appeared within the combinationΦ + HΨ and that anyä/a terms cancel. The (lengthy) corresponding expressions for a general gauge are displayed in Appendix A. There we also demonstrate that the general-gauge expressions still obey the constraints of yielding second-order, gaugeinvariant perturbed field equations. We can see that eqn.(66) has the form indicated in eqn. (49) ; in this particular case we can pick out the coefficient functions:
Similarly one can read off the coefficients β i , . . . ε i and B i , . . . K i for scalar-tensor theory by matching eqns. (50)- (52) with eqns. (67)- (69) .
Using the expressions for U ∆ and U Θ in eqns. (8) we can form the modified (Fourier-space) Poisson equation. Some of the terms in δφ and δφ can be combined to form the gauge-invariant density perturbation of a scalar field:
The Poisson equation for scalar-tensor gravity is then:
∆ i is a gauge-invariant density perturbation to matter (CDM, baryons, radiation), and we have redefined the scalar field so as to pull a factor of 8πG 0 a 2 out of the second term. We have chosen to write the Poisson equation in this form because it delineates the extra terms that arise in a scalar-tensor theory compared to uncoupled quintessence. We reach a quintessence-like limit by setting ω(φ) = φ and removing the φ -R coupling in the action. As a result, the last two lines of eqn. (72) do not arise and the prefactor is just 8πG 0 a 2 (because we don't rescale φ → φ/G 0 ). It is the last two lines that offer the distinction between quintessence and scalar-tensor gravity. The slip relation is:
It is useful to consider some simplifying limits of the above expressions. The 'smooth' limit, in which the perturbations of the scalar field are negligible relative to the matter perturbations, gives us:
The second term on the right-hand side cannot be absorbed into the first term without giving G eff an undesired environmental dependence. However, if we take the quasistatic limit of eqn. (72) that is, we neglect time derivatives of perturbation variables and take k ≫ H -we find that the modifications to the Poisson equation can indeed be repackaged as a modified gravitational constant. In this limit it is possible to write the relation between the two metric potentials as Φ = η slip Ψ; e.g. for the choice ω(φ) = φ the form of η slip is particularly simple [68, 69] :
Combining eqns. (72) and (73) with the slip relation, we obtain:
where the expression in square brackets gives the timeand scale-dependence of Newton's gravitational constant.
As mentioned earlier, it is important that we also consider the (super)horizon-scale limit of these theories for correct treatment of their predicted effects on the matter power spectrum and large-angle CMB power spectrum. Taking the limit k ≪ H allows us to neglect the k 2 δφ/φ term of eqn. (72), but there are no other obvious simplifications unless δφ is negligible on these scales. It seems that in order to cope with the superhorizon limit we need a parameterization that allows for additive modifications to the Poisson equation, as well as a modified G eff . Of course, there is no barrier to using the standard PPF format to model part of the modifications, but we need to remember that the correspondence between parameterization and theory would no longer be exact on large scales.
B. f (R) gravity
Another commonly-studied theory is f (R) gravity, for which the action is a general function of the Ricci scalar, f (R); see [70] for a detailed review. Two approaches to f (R) gravity are possible. In the metric formulation the affine connection Γ ρ µν is defined in terms of the metric components in the usual way, and gravitational field equations are obtained by varying the metric with respect to g µν only. In the Palatini formulation of f (R) gravity the connection and the metric are treated as independent variables and the action is varied with respect them individually. One finds that in the metric formulation there is a propagating scalar degree of freedom f R = ∂f (R)/∂R. Since the Ricci scalar is constructed from second derivatives of the metric, the kinetic term of the scalar degree of freedom contains fourth-order derivatives and hence metric f (R) gravity corresponds to a higher-order theory.
The presence of a scalar degree of freedom within f (R) theories can be made explicit by applying a conformal transformation that maps f (R) gravity onto a scalartensor theory. Metric and Palatini f (R) gravity map onto Brans-Dicke theories with ω = 0, − 3 2 respectively [70] . The scalar field arising under the conformal transformation is sometimes referred to as the 'scalaron'. In the conformally-transformed frame (the Einstein frame) the scalaron acquires a coupling to the matter fields ψ (i) , leading to non-standard conservation equations. Hence the non-transformed frame (the Jordan frame) is regarded as the physical frame in which observations are made.
The action in the Jordan frame is;
Variation with respect to the metric leads to the field equations:
This can be rewritten in the form of eqn. (4) with the following expression for U µν :
We will let χ denote the perturbation to the extra degree of freedom, ie. χ = δ(f R ) = f RR δR. Perturbing the above expression
The similarity between the sets of eqns. (66)- (69) and (80)- (83) is immediately apparent, suggesting the identification of f R as the scalaron. However, in f (R) gravity the 'extra' d.o.f, χ, can be expressed in terms of metric potentials.χ andχ are given by the expressions:
where f 4R indicates the fourth derivative of f with respect to R etc., and
The coefficients corresponding to the general expressions in §V can be computed. For example, matching onto eqn. (49):
The slip relation and modified Poisson equation for f (R) gravity become:
Again we see that these expressions are largely similar to the scalar-tensor case with ω(φ) = 0, f R replacing φ and χ ≡ δφ. However, we note that the similarities are aesthetic only; the equivalence between scalar-tensor theory and f (R) gravity is only formally realised under a conformal transformation as described above. δφ represents a perturbation to a new field that is genuinely additional to GR, whereas χ is really a placeholder for the combination of metric perturbations in eqn. (86) . In the 'smooth' limit χ → 0 we obtain the analogy of eqn. (74):
with the same second background-dependent term as the scalar-tensor case. For measures of late-time structure growth we are predominantly interested in the quasistatic regime. Using χ = f RR δR and eqn. (86) we can replace χ in the Poisson equation and slip relation by sequence of the metric potentials and their derivatives, just as we laid out in eqns. (23)- (26) . For example, in the quasistatic limit the slip relation becomes:
This matches the result of Pogosian & Silvestri [71] if we further neglect theḢ term. They expressed the slip parameter of f (R) gravity in the quasistatic limit as:
where Q is defined as the squared ratio of the Compton wavelength of the scalaron to the physical wavelength of a mode:
In this limit the Poisson equation can be rewritten as:
The term in square brackets controls the time-and scaledependence of the effective Newton's constant.
It is no surprise to find that f (R) gravity behaves similar to scalar-tensor theory in the superhorizon limit. We can neglect k 2 in eqn. (91) and eliminate χ using eqn. (90) , but the resulting expression will still have terms in Ψ anḋ Φ on the right-hand side that can not be written as a G eff . The conclusion is analogous to that of §VI A: the mapping between a (G eff , η slip ) parameterization is exact in the quasistatic limit, but only approximate in the large-scale regime.
C. Einstein-Aether theory
The emergence of string theory as a candidate theory of quantum gravity leads to the possibility that spacetime coordinates are non-commutative [72] . Under these circumstances Lorentz symmetry may be violated. Hence much effort has been invested in exploring ways in which Lorentz violation can be implemented without marring the key successful features of GR, such as general covariance. A minimal way to do this is to introduce a vector field into the action, which defines a preferred reference frame at every point in spacetime. In Minkowski spacetime one can simply introduce a constant vector field into the background, but in a curved spacetime this is not possible; the Lorentz-violating vector field must be promoted to a dynamical field derived from a generally covariant action. If invariance under three-dimensional spatial rotations is preserved then the vector field must be time-like. Einstein-Aether theories [73] introduce such a vector field ('the aether') of unit length, which is constrained not to vanish so that Lorentz violation is maintained even in a vacuum. The unit, time-like nature of the vector field is enforced through means of a Lagrange multiplier in the action.
TeVeS [74] is a well-known example of another theory that contains Lorentz-violating vector fields. When formulated in the Einstein frame, TeVeS introduces both a unit, timelike vector field and a scalar field, and employs a free function to ensure that it reduces to Modified Newtonian Dynamics (MOND) [75] in the non-relativisitc limit. Upon transformation to the Jordan frame -in which particles follow geodesics of the metric -the unit length of the vector field is not preserved. It was shown by Zlosnik [76] that the scalar field present in the Einstein frame is absorbed by the vector field in the Jordan frame, and dynamically determinines the modulus of the vector. Hence TeVeS is equivalent to an Einstein-Aether theory in which the aether field has variable length. Our study of the compatibility of Einstein-Aether theory with the PPF framework therefore has implications for TeVeS also.
The most general action for Einstein-Aether theories is:
where the aether Lagrangian is
M has the dimensions of mass. K is a scalar formed from the kinetic term of the vector field:
where c i are dimensionless constants. Barbero & Villaseñor [77] have identified special choices of c i for which Einstein-Aether theory becomes equivalent to GR under a field redefinition. More generally, the c i must obey certain restrictions if the linearized field equations are to be hyperbolic -hence admitting a well-posed initial value problem -and exclude superluminal propagation of aether perturbations and gravitational waves [78] . In general there is potentially a fourth term in eqn. (99), but in the case of purely spin-0 perturbations this can be absorbed by suitable redefinitions of c 1 and c 3 . We will assume there is no direct coupling between matter and the aether; they interact only gravitationally.
The gravitational field equations obtained by varying the Einstein-Aether action with respect to the metric can be written in the form of eqn. (4), where the modification tensor U µν is effectively the stress-energy tensor of the aether:
where round brackets around subscripts denotes symmetrization with weight 1/2. We use the notation F K = dF /dK, and the following definitions:
Varying the action with respect to the aether field gives the equation of motion:
Finally, varying the action with respect to the Lagrange multiplier λ gives the constraint A µ A µ = −1. The requirement of a spatially isotropic background fixes A µ = (1, 0, 0, 0). Using this in eqn.(103) enables us to solve for the Lagrange multiplier:
which can be substituted back into eqn.(100) to eliminate λ. Defining α = c 1 + 3c 2 + c 3 , the resulting zeroth-order field equations are:
and the kinetic scalar K simplifies to
The first two equations above can be written in the form of eqns. (5) and (6) with the identifications
For simplicity we will treat only the linear EinsteinAether theory, in which F (K) = K. In this particular instance eqns. (105) and (106) can alternatively be rewritten (making use of eqn.(108) such that they differ from the equivalent expressions in GR only through a modification to Newton's gravitational constant:
The situation in Einstein-Aether theory is similar to the toy model we considered in §IV D, with the instancẽ g = α/2. We therefore expect the perturbations of U µν to look similar to eqns.(42)- (45) . However, we have now introduced an extra field into the theory that was not present in the toy model, and this will give rise to new terms. Recall that when we applied a gauge transformation to eqn. (42) any terms produced by gauge-variant quantities cancelled due to the background equation (40) . From this we can deduce that any new terms introduced by the vector field must be explicitly gauge-invariant. Now we wish to consider linearly perturbed EinsteinAether theory; we write the perturbations to the vector field as
Taking the linear perturbation of the constraint A µ A µ = −1 we find that the perturbation to the 0th component of the vector field is tied to the metric perturbations by Z = Ξ = −Ψ, the last equality being true in the conformal Newtonian gauge only. The perturbed equation of motion for the vector field is:
One can then find the linear perturbations of U µν . This is a lengthy but straightforward exercise [78, 79] . Using eqn.(113) to remove second-order derivatives from U Θ , the results are:
It is straightforward to read off the coefficients introduced in eqn. (49):
and similarly for the remaining coefficients β i , . . . ε i and B i , . . . K i of eqns. (50) 
Consideration of some special cases of the c i should help us gain some understanding of this expression. Firstly we note that the slip between the metric potentials is sourced by spatial perturbations to the vector field, so in the smooth limit we recover Φ = Ψ. In this limit the only modification to the Poisson equation is through a constant rescaling of Newton's constant:
With Q = 0 all explicit traces of extra fields disappear from the components of U µν (though we ought to remember that the perturbation to the time component of the vector field still remains, 'disguised' as the metric perturbation Ψ). We note immediately that the constants renormalizing Newton's gravitational constant in the background and linear-order equations are not generally the same, being α and −c 1 respectively. If we make the choice α = −c 1 , this special case of Einstein-Aether theory can be compared to the toy model considered in §IV D. In that example the background gravitational field equations were modified but no extra fields were present, and we assumed that the same quantity renormalized G at both unperturbed and linearly perturbed order. Indeed we find that with the choicesġ = B 0 = 0, α = −c 1 and V =V = 0 (to recover the conformal Newtonian gauge) the eqns. (42)- (43) reproduce eqns.(114)-(117) in the limit Q = 0. Another case of interest is the choice c 1 +c 3 = 0, c 2 = 0. This causes the first part of the stress-energy tensor of the aether (line 1 in eqn.(100)) to adopt a form akin to the Maxwell tensor of electromagnetism [80] . Under these conditions the gravitational slip again vanishes. Note that this differs from scalar-tensor and f (R) gravity, where the slip could only be zero if the extra fields (treating the scalaron as an extra field) were unperturbed. The Poisson equation now becomes:
In the quasistatic limit theQ term can be neglected. However, the 'electromagnetic condition' has prevented us from obtaining a relation between Q, Φ and Ψ. So in this special case we are unable to package the modifications to the Poisson equation as a modified Newton's constant, even in the quasistatic regime. This is an interesting result, because thus far we have always found this to be possible. Indeed, for choices other than c 1 = −c 3 we can write the slip relation in the usual format Φ = η slip Ψ, with slip parameter:
The Poisson equation is then:
As before, the term in square brackets acts like an evolving G eff .
Whilst Einstein-Aether gravity has a similar quasistatic form to scalar-tensor gravity and f (R) gravity, its large-scale behaviour is distinctly different. In the limit k → 0 eqn.(119) reduces to the standard Poisson equation of GR. This is partly due to the absence of a term like Q(Φ + HΨ), such as occurred in the scalartensor and f (R) cases. Terms like this originate from couplings between new degrees of freedom and the curvature scalar R in the action. A direct coupling of this type isn't present in the Einstein-Aether case -instead, the coupling between the aether and the metric is enforced through a Lagrange multiplier. However, it is not true that Einstein-Aether theory reduces to GR in the super-horizon regime, because the slip relation still has a non-GR form (eqn. (117)).
D. DGP gravity
Dvali-Gabadadze-Porrati (DGP) gravity [53] has received much attention over the past decade. The model considers our (3+1)-dimensional spacetime to be a hypersurface (brane) embedded in a five-dimensional bulk, with matter fields confined to the brane but gravity free to propagate into the extra dimension. There are two branches to the theory, arising from a choice of sign accompanying a square root in the Friedmann equation [55] :
where ǫ = ±1. Note that we have returned to using physical time rather than conformal time here in order to make the late-time behaviour more explicit. The parameter r c in this expression defines a crossover scale below which gravity is effectively four-dimensional, but above which five-dimensional effects become important. It is determined by the ratio of the four-and five-dimensional gravitational coupling constants:
In a CDM-dominated universe we have H → ǫ/r c at asymptotically late times. The choice ǫ = 1 corresponds to a universe that accelerates without the need for a cosmological constant, although the crossover scale must still be fine-tuned to fit current supernovae data, with r c ≈ H −1 0 [55] . Alas, the self-accelerating branch of DGP has been effectively ruled out as a viable theory due to a ghost-like instability [81] [82] [83] , and its failure to fit multiple observational data sets simultaneously -a feat achieved by ΛCDM [84] . Nevertheless, we propose to describe the relations between DGP gravity and the PPF formalism as a typical model for cosmological perturbations in higher-dimensional theories.
We will adopt the Gaussian Normal longitudinal (GNL) gauge, in which the brane remains unperturbed at the hypersurface y = 0 and we recover the familiar 4D conformal Newtonian gauge on the brane only. The action for a simple DGP model is:
where (5) g and (5) R are the five-dimensional metric and curvature scalar of the bulk; X A and x µ denote fivedimensional and brane coordinates respectively. L B is the Lagrangian of the (brane-confined) matter fields and possible brane tension λ, which is related to the 5D and induced 4D cosmological constants [85] .
It will be useful to write the modifications to the Friedmann and Raychaudhuri equations in the form of an 'XY' background, as specified in eqns. (5) and (6) [1] :
where t denotes physical time. Effective 4D field equations are obtained by projecting onto the brane [86] :
Here g µν is the induced metric on the brane. The tensor Π µν (not to be confused with the scalar pressure perturbation ρΠ) is given by:
wherẽ
E µν is the projection of the 5D Weyl tensor onto the brane:
By supplementing the Bianchi identities with the Codazzi equation and Israel junction conditions [87] one finds that the matter energy-momentum tensor is separately conserved from Π µν and E µν [86] :
where ∇ µ is the covariant derivative associated with the induced 4D metric on the brane.
Comparison of eqns. (4) and (128) enables us to straightforwardly write down the tensor U µν for DGP gravity:
Now the key question is: are we able to perturb this expression for U µν to obtain U ∆ , U Θ , U P and U Σ in the same way that we have done for scalar-tensor gravity, f (R) theories and Einstein-Aether theory ( §VI A- §VI C)? The answer is a qualified yes and no. We are able to write down expressions for these quantities and determine the coefficients laid out in §V. However, the perturbed components of U µν contain four new d.o.f. arising from the perturbations to the projected Weyl tensor. Hence, unlike the previous three examples presented in this section, the system is not closed using just the Bianchi identities. We cannot obtain the closure relations needed to solve for these new d.o.f. using the purely 4D formalism developed in this paper.
Let us elaborate. We will label quantities related to the Weyl tensor by the letter E, as we shall see it plays the role of the effective fluid discussed in §V. Since the Weyl tensor is traceless by construction (and we are assuming isotropy amongst the three spatial dimensions of the brane) we deduce that the Weyl 'fluid' must have a radiation-like equation of state, w E = 1/3. It is common practice to neglect the small contribution of the Weyl fluid to the cosmological background, and define its components at the perturbed level:
The perturbations of eqn.(134) are then:
The quantities marked by tildes are components ofT µν defined in eqn. (130), and the unsubscripted quantities refer to ordinary matter components, as in previous sections. By using eqns.(4) and (130) we can rewrite the above expressions as:
Well below the crossover scale we recover GR, as U i → 0 if r c → ∞. Using the definitions for the E i , we can then put the above expressions into the form of eqns. (49)- (52) . For the U ∆ component the non-zero coefficients are:
where we have dropped the factor of k 2 in the first term of eqn. (49) in order to keep α 
The two perturbed components of eqn.(133) are [1] :
Now the difficulty is apparent -we have two equations for the three variables µ E , Θ E and σ E . We could eliminate µ E or Θ E from the above equations, but the anisotropic stress of the Weyl fluid remains a free function. If we stay entirely within the bounds of a 4D formalism it must be treated as an additional source in the 4D effective Einstein equations. Some authors have obtained a closed system on the brane by setting σ E to zero, e.g. [88] , but this will not be the case is general. It is not surprising that σ E appears as a free function in the perturbed effective Einstein equations. Gravitational waves propagating in the bulk spacetime contribute to σ E when they impinge upon the brane, and these cannot be fully described by brane-bound perturbations. However, by tackling the full system of perturbations in the bulk it is possible to express the impact of the gravitational waves on the brane in terms of other brane-bound quantities. Mukohyama [89] has shown that all 5D metric, matter and Weyl-fluid perturbations can be related to a master variable Ω which obeys a partial differential equation in the bulk. This is the master equation [54] :
where primes denote derivatives with respect to the bulk co-ordinate y, and we have assumed a Minkowski bulk. The perturbations of the Weyl fluid are given in terms of Ω by [54] :
where a subscript b denotes evaluation on the brane and k is the 3-momentum on the homogeneous background. Eqns.(141) and (144) are the expressions we need to close the system of perturbations. We have introduced an extra variable, Ω, but this has been compensated for by the addition of two new equations. A solution of the master equation is then sufficient to fully determine the system of perturbations. The fact that all perturbations can be related to a single scalar is a result of the high degree of symmetry present in this system (a maximally symmetric brane in a maximally symmetric bulk); Ω is not generally believed to have a physical interpretation. But we are not quite out of the woods yet. Though the system of equations is now closed, it is not closed on the brane alone. Eqns.(141) and (144) depend on derivatives of the master variable normal to the brane, and hence in general knowledge of the bulk perturbations will be required to solve the system. Koyama & Maartens [90] neatly sidestepped this issue by considering perturbations in the small-scale, quasistatic regime of a Minkowski bulk. This enabled them to make the approximation |HΩ ′ | ≪ k 2 Ω/a 2 so that the troublesome terms can be neglected, as well as time derivatives. Under these assumptions one finds that the energy density and anisotropic stress perturbations of the Weyl fluid are simply related by µ E = 2k
2 σ E . In the quasistatic regime the master equation then has an analytic solution [90] :
where C is a constant, and regularity of the bulk perturbations has been used to eliminate a second possible solution. Solving for the Weyl fluid and metric perturbations, the modified Poisson equation and slip relation are:
where
It is easy to see that our PPF functiong should be identified with (1 − 3β) −1 . Combining eqns.(146) and (147) to eliminate matter terms, we obtain:
From this we can deduce the PPF function ζ = 2/(1 − 3β). Alternatively, in the (Q, η slip ) format we obtain:
For scales larger than the quasistatic regime the derivatives normal to the brane cannot be ignored. Sawicki, Song and Hu were able to evolve large-scale modes numerically by implementing a scaling ansatz [91] :
where x is the distance from the brane in units of the causal horizon and p is a constant. The authors took a trial value for p and solved the system of equations iteratively to obtain subsequent corrections. They recovered the quasistatic solution of Koyama and Maartens and were able to calculate the behaviour of horizon-scale modes. However, the labour involved in obtaining these solutions is decidedly non-trivial. If we wish to constrain general classes of gravitational theories simultaneously we need a method that does not require detailed numerical evolution for each theory individually. This is the motivation behind the GDM-based approach we put forward in §V. In the case of DGP gravity the new d.o.f. are already written in the form of fluid perturbations, and we suggest that other theories may be amenable to a similar treatment. Returning briefly to the quasistatic limit of eqns.(146) and (147), we note that the master-variable route to obtaining a modified Poisson equation and a slip relation was decidedly different to that taken in §VI A-VI C. So it is interesting to find that we have reached the same conclusion in all four cases: the usual two-function PPF parameterization works well in the quasistatic limit, but for scales larger than this it no longer captures the full behaviour of the theories studied here.
We should not be particularly surprised by this conclusion. Given the different physical mechanisms employed by the four theories studied here, it is quite a remarkable feat that they can be mapped onto a common framework at all, in any limit -let alone a framework simple enough to express the departures from GR using only two functions. It is not unexpected to find that the correspondence between parameterization and theory does not hold perfectly for all scales.
VII. DISCUSSION
The wide array of modified gravity theories now present in the literature renders the individual testing of theories time-consuming and impractical. There is also the possibility that none of the theories currently under consideration are correct, or that General Relativity remains valid for all length scales and environments. The Parameterized Post-Friedmann formalism provides a useful framework for constraining deviations from General Relativity without recourse to a specific underlying theory of modified gravity.
In this paper we have shown how the constraints of energy conservation, gauge invariance and second-order field equations can be used to reduce the components of a purely metric theory to two free functions. This process has highlighted some consistency conditions that arise when adopting a parameterized form for modifications to GR. We have put forward a general structure for the perturbed Einstein equations that should be applicable to any single-metric theory for which the gravitational action is built from only curvature invariants. However, when additional degrees of freedom are introduced into a gravitational theory (such as extra fields), our ability to make precise statements about the form of the modifications to the Einstein equations is reduced.
Though a rich zoo of underlying physical mechanisms has been put forward, ultimately we are concerned with their effects on observables. The observables themselves (galaxies, CMB photons) are predominantly controlled by the evolution of matter perturbations. There are only a limited number of ways that a theory of modified gravity can affect the matter perturbations: for example, by changing the strength of gravitational coupling or the relationship between the metric potentialsΦ andΨ. But these effects are, to a certain extent, degenerate with the presence of a second fluid [45] . A reduced gravitational coupling could be mimicked by pressure support from another fluid. A non-zero gravitational slip could be introduced by a fluid with non-negligible viscosity. Hence we suggest that it may be possible to treat the extra d.o.f. of a theory by an effective fluid; Generalized Dark Matter (GDM) provides one method of doing this in the case of spin-0 perturbations. An effective fluid-type approach of this kind is already present in DGP.
Such treatment is not strictly necessary when two or fewer new degrees of freedom are present. But if we wish to keep our parameterization as general as possible, then we need a method to deal with more than two degrees of freedom. The GDM approach provides closure relations for such cases. The GDM parameters {w E , c 2 eff , c vis } cannot be assigned the direct interpretation they possess for real fluids. But if constraints on these parameters favour bizarre-seeming values that would be unphysical for a real fluid than this could indicate their origin to be modified gravitational laws and not dark energy.
To date, the mapping of theories onto the PPF framework has only been computed explicitly for a small number of cases. In this paper we have added EinsteinAether to this collection. In the quasistatic limit the two-function parameterization has always been found applicable, but it is possible that there are some classes of theories which cannot be reduced to such a simple format. In addition, we have found that on horizon scales the parameterization of the modified Poisson and slip relations no longer matches onto the underlying expressions exactly. These large scales are important for accurate calculation of how the ISW effect and matter power spectrum are affected by modified gravity theories. So should we give up on the goal of a unified parameterization?
Not at all. Consider the analogous problem in dark energy; the equation of state is commonly reduced to just two numbers via the CPL parameterization [92, 93] :
Whilst it is unlikely that a physically-motivated dark energy model will map neatly onto this expression, eqn.(150) provides a useful way to obtain constraints on the expected behaviour of dark energy. Of course the approach is not ideal -if the equation of state were to behave in a radically different way to our expectations then it would not be adequately described by {w 0 , w a }. But the form of eqn.(150) has physical motivation, and gives us a way to tackle large classes of models without specialising to a particular theory. The PPF formalism should be viewed in a similar way. Eqns. (29) and (31) may not match up exactly to all theories on all scales, but they do provide a phenomenological way to search for the approximate signatures we expect modified gravity to leave. Similarly, our proposal of mapping additional degrees of freedom onto a GDM framework may not hold exactly for all possible theories. But whilst we have not yet reached an ideal parameterization of modified gravity, we believe that the approach outlined in this paper is likely to have a wider range of applicability than most of the forms currently in common use. If, when combined with the next generation of experiments, we fail to make progress on breaking the degeneracy between dark energy and modified gravity, then we will need to rethink our tools. For the present, use of the parameterizations described here is a justifiable simplification, provided that we are not lulled into thinking that their correspondence to underlying theories is exact in all situations.
If we are to use such a phenomenological methodology we need to choose a parameterization that closely models our expectations. Small differences in the structure of the modifications to Einstein's equations can lead to significant effects, independent of the ansatz being used for the PPF functions. We will demonstrate these differences and how they affect the constraints obtained in a future work [40] . 
In these expressions the scalar field perturbations δφ, δφ and δφ appear only in gauge-invariant combinations with the variables V and Ξ.Γ is also gauge-invariant. The last terms in U ∆ , U Θ and U P are not gauge-invariant, and neither are E ∆ , E Θ and E P . But we find that the additional terms produced by these parts under a gauge transformation cancel by virtue of the background equations (62) and (63) -see Table III for the transformation properties. Note that all terms in the spatial, traceless Einstein equation are individually gauge-invariant.
So the perturbed Einstein equations with the additions above remain fully gauge-invariant, as they must do. However, on first inspection it looks like we have violated the constraint of having second-order field equations. Recall that this constraint restricts U ∆ and U Θ to contain at first-order time derivatives at most, due to eqns. (11) and (12) . It is easy to see that theφ terms present in U Θ cancel, but in U ∆ this is not explicitly obvious. In addition, U ∆ appears to contain a secondorder time derivative of the scale factor coming from thė Φ term (see eqn. (15)). To show this is not a problem we will need to use the zero-order Bianchi identity, eqn.(7). In the case of scalar-tensor theory this becomes:
where we have made use of eqn. (62) . Using this to substitute for the ωφ term in eqn.(A1) and simplifying we obtain the alternative form:
We see that the terms containing second derivatives of φ and the scale factor have both cancelled. The above expression is now demonstrably first-order in time derivatives, but its ability to yield gauge-invariant Einstein equations is no longer obvious.
where B1 indicates eqn.(11), B2 indicates eqn. (12) . The constraints arising from the termΓ (n) are analogous:
[B1]Ḟ n + kF n−1 + HF n + kI n + HJ n = 0 (B3)
[B2]İ n + kI n−1 + 2HI n − 1 3 kJ n + 2 3 kK n = 0 (B4)
Note that for an Nth-order theory, F N −2 and I N −2 must be set to zero to avoid picking up (N+1)-th derivatives of the scale factor.
